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Abstract
The action in general relativity (GR), which is an integral over the
manifold plus an integral over the boundary, is a global object and is only
well defined when the topology is fixed. Therefore, to use the action in
GR and in most approaches to quantum gravity (QG) based on a covari-
ant Lorentzian action, there needs to exist a prefered (global) timelike
vector, and hence a global topology R × S3, for it to make sense. This
is especially true in the Hamiltonian formulation of QG. Therefore, in
order to do canonical quantization, we need to know the topology, appro-
priate boundary conditions and (in an open manifold) the conditions at
infinity, which affects the fundamental geometrical scalar invariants of the
spacetime (and especially those which may occur in the QG action).
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Introduction: In Einstein’s general relativity (GR) matter and geometry are
intimately linked, replacing the previous Newtonian paradigm of matter dy-
namics occuring on a fixed background. However, unlike in GR, time and space
are not on an equal footing in quantum mechanics (time is treated classically
whereas space is associated with a quantum description). It is questionable as
to whether modern theories of quantum gravity (QG) respect Einstein’s revo-
lutionary way of interpreting gravitational physics geometrically [32].
Most approaches to QG are based on a covariant Lorentzian action. Un-
like most field theories, in GR the situation is complicated by the fact that the
Einstein-Hilbert action includes a surface term. In most derivations of the gravi-
tational Hamiltonian, the surface term is ignored. This results in a Hamiltonian
which is just a multiple of a constraint. One must then add to this constraint
appropriate surface terms so that its variation is well defined [30], and the action
yields the correct equations of motion subject only to the condition that the in-
duced three metric and matter fields on the boundary are held fixed. The action
is well defined for spatially compact geometries, but diverges for noncompact
ones.
Action: The dynamical content of GR is fully expressed by Einstein’s FE
(EFE). Nevertheless, even in a purely classical (i.e., non-quantum) context, it
is convenient and useful for many purposes to have Lagrangian and Hamilto-
nian formulations of GR. The interpretation that EFE describes the evolution
of a ‘spatial metric’, with “time” is perhaps best expressed via the Hamiltonian
formulation. Moreover, most prescriptions for formulating a quantum field the-
ory of gravitation require that the associated classical theory be expressed in a
Lagrangian or Hamiltonian form.
For GR, the field variable is the spacetime metric, gab, defined on a four-
dimensional (4D) manifold, M . In this case, the natural volume element in the
integrals is the volume element which itself depends on the field variables gab,
and hence its variation must be taken into account when calculating functional
derivatives. In the canonical approach [26] a family of spacelike surfaces is
introduced and used to construct a Hamiltonian and canonical equal-time com-
mutation relations (which is appropriate for strong gravitational fields and is
supposed to ensure unitarity). However, the split into three spatial dimensions
and one time dimension seems to be contrary to the whole spirit of GR [25].
Moreover, it restricts the topology of spacetime to be the product of the real
line with some 3D manifold, whereas one would expect that QG would allow all
possible topologies of spacetime including those which are not products. It is
precisely these other topologies that seem to give the most interesting effects. It
is usually implicitly assumed either that the 3-geometry is compact (a ‘closed’
universe) or that the gravitational and matter fields die off in some suitable
way at spatial infinity (the asymptotically flat space) [3]. Under variations of
the metric which vanish and whose normal derivaties also vanish on ∂M , the
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boundary of a compact region M , this action is stationary if and only if the
metric satisfies the EFE.
However this action is not an extremum if one allows variations of the metric
which vanish on the boundary but whose normal derivatives do not vanish there
[25]. The reason is that the Ricci curvature scalar R contains terms which are
linear in the second derivatives of the metric. By integration by parts, the
variation in these terms can be converted into an integral over the boundary
which involves the normal derivatives of the variation on the boundary. In order
to cancel out this surface integral, and so obtain an action which is stationary
for solutions of the EFE under all variations of the metric that vanish on the
boundary, one has to add to the action a term of the form [25]:
I =
1
16piG
∫
M
(R − 2Λ)(−g)1/2 d4x+
∫
M
Lm(−g)
1/2 d4x
+
1
8piG
∫
∂M
K(±h)1/2 d3x+ C, (1)
where K is the trace of the second fundamental form of the boundary, h is the
induced metric on the boundary, the plus or minus signs are chosen according
to whether the boundary is spacelike or timelike, and C is a term which de-
pends only on the boundary metric h and not on the values of g at the interior
points (which must be considered in open universes, including asymptotically
flat space-times, but may be set to zero in closed universes).
The action above is a global object and is well-defined only if the global
topology is fixed as R × S3. In a sense the Lagrangian formulation of a field
theory is “spacetime covariant”. On the other hand, a Hamiltonian formulation
of a field theory necessarily requires a global breakup of the spacetime into space
and time.
For closed universes we only have the two volume integrals in the above, and
these terms would be finite even if M were chosen to be the entire spacetime
(for suitable choices of the matter Lagrangian Lm). In the open universe case
the boundary terms enter the theory in a fundamental way, and there is no
good way to decide what these terms should be for arbitrary open universes. In
addition, the surface integral above is also more complicated in open universes,
since in this case it must contain timelike portions [4].
We note that the boundary term ∂M is added precisely to cancel the surface
terms and exactly produce the EFE of GR. Therefore, in GR, the EFE are more
fundamental than the action. This is of importance mathematically, since the
EFE and the EL equations derived from action can differ, different actions can
give rise to the same FE, and boundary terms can affects geodesics [5, 6].
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Topology: Therefore, to know the local evolution (Euler-Lagrange (EL) field
equations (FE)), we need to know the topology, appropriate boundary condi-
tions and (in an open manifold) the conditions at infinity. A global topology
R × S3 is considered, where S3 is usually assumed compact. Regarding the
boundary conditions, the action certainly makes more sense in a closed uni-
verse. The surface integral is more complicated in open universes, in which
boundary terms enter in a more fundamental way (and it is not known in gen-
eral what these terms should be). Therefore, there are problems with boundary
conditions at infinity for an open manifold: we need to know where infinity is
(definition), and conditions at infinity (which might be timelike or null). In an
open or closed universe we need to add surface terms on a case-by-case basis
(e.g. different for each type of spacetime). None of this is really acceptable in
GR. In particular, these issues lead to philosophical problems in cosmology. [2]
Clearly, in order to do canonical quantization additional spacetime structure
is needed. In GR, there is no background geometry. The space-time metric
itself is the fundamental dynamical variable. The canonical and the covariant
approaches have adopted dramatically different attitudes to face these problems.
In many covariant approaches to QG (with fields evolving on a fixed background
[1]), such as string theory [27], the spacetime metric is split into a kinematical
background and dynamical fluctuations. The fundamental degrees of freedom
and the short scale dynamics in the final quantum theory are quite different to
those of GR and classical spacetimes and gravitons only emerge in a suitable
limit (although the resulting quantum GR turns out to be non-renormalizable).
However, background independence is important in modern approaches to QG
[29], in which the emphasis is on preserving the geometrical character of GR.
In the canonical approach the Hamiltonian formulation of GR is used and a
fixed (‘spatial’) three-manifold (usually assumed compact). The very first step
of the canonical quantization program requires a splitting of space-time into
space and time thereby, as noted earlier, doing grave injustice to space-time
covariance that underlies general GR. [Therefore, we only attempt to quantize
a subset of spacetimes (e.g., with a global topology R × S3)]. This is a valid
concern, but successful background independent approaches to quantum GR
(such as LQG and causal dynamical triangulation) accepts this price.
We also note that analytic continuation (a generalization of a Wick rotation)
is often used in computions in quantum theories. There is clearly a restriction
on the class of Lorentzian metrics in QG, and hence on the (real) gravitational
degrees of freedom, by assuming the existence of such a Wick-rotation. It is
expected that a Lorentzian spacetime that allows for such an analytic continua-
tion is necessarily globally 1+3 (and hence I-non-degenerate) [7]. In spacetimes
with a topology R × S3 there is an absolute time function, since the spacetime
admits a foliation by globally space-like hypersurfaces, which restricts the pos-
sible existence of closed time-like curves; this is not necessarily the case in the
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supersymmetric Godel solutions in string theory [31].
Geometric Invariants: Therefore, in the canonical approach to QG there
exists a unique time (and space and time are essentially treated independently;
therefore the structure of the Lorentzian manifold is not fully utilized). A
Lorentzian spacetime with global topology R×S3 is I-non-degenerate and thus
completely classified by its set of scalar polynomial curvature invariants [22].
In this case all gravitational degrees of freedom are curvature invariants. For
example, in many theories of fundamental physics there are geometric classi-
cal corrections to GR. Different polynomial curvature invariants (constructed
from the Riemann tensor and its covariant derivatives) are required to com-
pute different loop-orders of renormalization of the Einstein-Hilbert action. In
specific quantum models such as supergravity there are particular allowed local
counterterms [27].
It was proven (in 4D, and it is also likely true in arbitrary dimenions) [22]
that a spacetime metric is either I-non-degenerate or a degenerate Kundt met-
ric. A Lorentzian degenerate Kundt spacetime [21] is not completely classified
by its set of scalar polynomial curvature invariants [22]. The higher-dimensional
Kundt class of spacetimes [21] are genuinely Lorentzian and have many math-
ematical properties quite different from their Riemannian counterparts. For
example, they have important geometrical information that is not contained in
the scalar invariants and, in principle, the Einstein-Hilbert action may require
geometric corrections that are not scalar invariants. In particular, the physical
fundamental properties that do not depend only on scalar invariants may lead to
interesting and novel physics in models of QG and particularly in string theory.
A Lorentzian manifold admitting an indecomposable but non-irreducible
holonomy representation (i.e., with a one-dimensional invariant lightlike sub-
space) is a degenerate Kundt (degenerately reducible) spacetime, which con-
tains the VSI and (non locally homogeneous) CSI subclasses (in which all of
the scalar invariants are zero or constant, respectively) as special cases. It is
perhaps within string theory that the full richness of Lorentzian geometry is
realised, where the Kundt spacetimes (which include, for example, VSI gener-
alized pp-wave spacetimes and CSI generalized AdS5 × S
5 spacetimes, which
are not globally R ×M) may play a fundamental role. Solutions of the classi-
cal FE for which the counter terms required to regularize quantum fluctuations
vanish are of importance because they offer insights into the behaviour of the
full quantum theory of gravity (regardless of what the exact form of this theory
might be). A classical metric is called universal if the quantum correction is a
multiple of the metric [23], and consequently such metrics can be interpreted as
having vanishing quantum corrections to all loop orders and are automatically
solutions to the quantum theory. In particular, VSI and CSI spacetimes are
exact solutions in string theory to all perturbative orders in the string tension
scale [24].
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Finally, it should be noted that many non-fundamental theories are not de-
rived from an action. Hamiltonian systems are non-dissipative. For example, the
Navier-Stokes fluid equations and statistical mechanics are obtained by coarse
graining. An action principle may not be necessary (or even possible) for QG
or at least a low energy effective version of the theory. The results of averaging
the geometry, however, are expected to be far from trivial, since the EFE are
highly non-linear. The averaging problem in GR has been studied in [8]. So
in the same sense that (linear) QED is averaged to obtain Maxwell eqns, QG
should be averaged to get GR [9]. This leads to the problem of averaging at the
level of the action [10].
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